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In this paper we study the equivariant totally real immersions from S3 into CPn . We ﬁrst
reduce these immersions to a system of algebraic equations by the unitary representations
of SU(2). We give some explicit examples of minimal totally real isometric immersions
from S33/m(m+2) into CP
n , and characterize the minimal totally real isometric immersions
from S33/m(m+2) into CP
n by the standard example. We also give many minimal linearly
full isometric immersions from S31/5 into CP
7, CP11 and CP15. As an application of our
method, we classify equivariant Lagrangian S3 in CP3 again.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
It is known that minimal surfaces in the complex projective space CPn have been studied by many geometricians in the
past few decades, and various of perfect results are obtained. Since the surface has a natural complex structure, most of the
profound results more or less depend on the theory of single complex variable. However, there is no complex structure on
the general higher dimensional manifolds, which enhance the diﬃculty in studying the higher dimensional submanifolds
in CPn . It is known that complex analytic submanifolds and totally real submanifolds are two typical classes among all
the submanifolds of a Keahler manifold. In this paper we wish to study a special family of higher dimensional totally real
submanifolds in CPn , i.e., the equivariant totally real S3 in CPn .
Let f : M → CPn be an immersion, we say f is totally real means that for every p ∈ M the space f∗T pM ⊂ T f (p)CPn
is ωp-isotropic or J ( f∗T pM) ⊂ T⊥p M , where ω, J are the Keahler form and the complex structure of CPn respectively,
and say f is linearly full if f (M) is not contained in any hyperplane of CPn . Let G be a Lie group, H be a closed subgroup
of G and M = G/H . We say an immersion f : M → N from M into a Riemannian manifold N is equivariant if for each
σ ∈ G there exists an element ρ(σ ) of the isometry group I(N) of N such that f (σ (p)) = ρ(σ )( f (p)) for all p ∈ M .
So, there exists a group homomorphism ρ : G → I(N) associated to f . Since the 3-dimensional sphere S3 has a natural Lie
group structure, we ﬁrst wish to study the equivariant totally real S3 in CPn , namely, G = SU(2)  S3, H = {I2}, N = CPn
and I(N) = U (n + 1).
Minimal spheres immersed in the real space forms with constant curvature have been studied by many geometricians.
E. Calabi [4] and M.P. do Carmo and N. Wallach [5] studied the rigidity of minimal spheres with constant curvature in the
unit sphere Sn1 by different methods. K. Mashimo [12] proved there exists an isometric minimal immersion of S
3
3/m(m+2)
into S2m+11 if the integer m  4 and there exists an isometric minimal immersion of S33/m(m+2) into Sm1 if the even inte-
ger m  6, by using the unitary representation of SU(2). If the ambient space is the complex space form CPn , S. Bando
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proved some results about the curvature, Keahler angle pinching and the rigidity of conformal minimal S2 in CPn . For the
higher dimensional case, Zh.Q. Li [10] studied totally real and CR kinds of minimal S3 with constant sectional curvature
in CPn .
It is well known that the minimal S2 immersed into CPn with constant curvature has rigidity, it is one of the Veronese
sequences. So someone may ask whether the minimal S3K isometrically immersed into CP
n also has rigidity? Or weakly,
is this true for the minimal totally real ones? We know that minimal totally real S3K isometrically immersed into CP
n ,
then K must be equal to 3/m(m + 2) for some positive integer m. Zh.Q. Li has proved that the minimal S31 and S33/8
immersed into CPn have rigidity, see Theorem 5.1 in [10]. We will give many examples to show that the rigidity property
of the minimal S33/m(m+2) immersed into CP
n fails for m 3.
Our method is inspired from K. Mashimo’s early paper [12], so some of the basic formulae can be found there. The key
point is that we utilize the unitary representation of SU(2) to transform the geometric problem to algebraic problem.
We ﬁrst deduce the algebraic equations of equivariant totally real S3 in CPn (ETR for short), and also the equation of equiv-
ariant totally real S3 with constant curvature in CPn (ETRC for short). We give some special solutions of the general (ETRC),
one of them is called standard minimal totally real isometric immersion from S33/m(m+2) into CP
n . By using the standard
one, we give a characterization of all minimal totally real isometric immersions from S33/m(m+2) into CP
n . Studying the
structure of the modular space of (ETRC) is an interesting problem, we will pay our attentions on this problem in our later
study.
The geometric properties of Lagrange submanifolds in CPn have been studied in the category of submanifolds theory.
B.Y. Chen et al. [7] characterized an exotic Lagrangian S3 in CP3 from the viewpoint of Riemannian geometry. This exotic
one is also studied by R. Chiang [8] due to its peculiar topological feature. By using the method of moving frame, Zh.Q. Li
and Y.Q. Tao classiﬁed the minimal equivariant Lagrangian S3 in CP3, one of them is just the exotic one and the other is
totally geodesic. These two examples are also obtained by L. Bedulli and A. Gori [2] without an explicit expression when they
study the homogeneous Lagrangian submanifolds in CPn . As an application of our method, we will classify the equivariant
Lagrangian S3 in CP3 (without the minimality hypothesis) and present the explicit expression of them, which provides
another way to understand these two examples.
2. The complex irreducible representation of SU(2)
We ﬁrst recall some basic facts of the complex irreducible unitary representations of the Lie group SU(2). The Lie
group SU(2) is deﬁned by
SU(2) =
{
τ =
(
a −b¯
b a¯
) ∣∣∣ a,b ∈C, |a|2 + |b|2 = 1},
which is homeomorphic to the S3 = {(a,b) ∈C2 | |a|2 + |b|2 = 1} in the natural way. The Lie algebra su(2) of SU(2) is
su(2) =
{(
ix − y¯
y −ix
) ∣∣∣ x ∈R, y ∈C},
and a natural basis {ε1, ε2, ε3} of su(2) is
ε1 =
(
i 0
0 −i
)
, ε2 =
(
0 −1
1 0
)
, ε3 =
(
0 i
i 0
)
,
where i2 = −1. We will agree on this convention throughout this paper.
For any nonnegative integer n, let Vn be the (n + 1)-dimensional complex vector space of all complex homogeneous
polynomial of degree n in two complex variables z and w . Then the standard irreducible representation ρn of SU(2) on Vn
is deﬁned by
ρn : SU(2) × Vn → Vn, (τ , f ) → f (az − b¯w,bz + a¯w).
It’s well known that {(Vn,ρn) | n = 0,1,2, . . . } is the set of all inequivalent complex irreducible unitary representations
of SU(2). The standard SU(2)-invariant Hermitian inner product (,) on Vn is given by
( f , g) :=
n∑
k=0
akb¯kk!(n − k)!
for f (z,w) =∑nk=0 akzkwn−k and g(z,w) =∑nk=0 bkzkwn−k ∈ Vn . It is easy to check that
unk =
1√ zkwn−k, k = 0,1, . . . ,n,
k!(n − k)!
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ρn : SU(2) → U (n + 1), τ → ρn(τ ),
where ρn acts on Vn and is given by
ρn(τ )u
n
k =
n∑
l=0
χnklu
n
l , χ
n
kl =
√
l!(n − l)!
k!(n − k)!
∑
p+q=l
(
k
p
)(
n − k
q
)
apbqa¯n−k−q(−b¯)k−p, (2.1)
here χnkl satisﬁes χ
n
kl = (−1)k+lχ¯nn−kn−l . The representation ρn of SU(2) induces an action of su(2) on Vn which is described
as follows
ρn(ε1)u
n
k = −i(n − 2k)unk , (2.2)
ρn(ε2)u
n
k = −ankunk−1 + ank+1unk+1, (2.3)
ρn(ε3)u
n
k = i
(
anku
n
k−1 + ank+1unk+1
)
, (2.4)
where ank =
√
k(n − k + 1). Let p =∑nj=0 z junj ∈ Vn , from (2.2)–(2.4), we have
ρn(ε1)p = −i
n∑
j=0
z j(n − 2 j)unj , (2.5)
ρn(ε2)p =
n∑
j=0
(−z j+1anj+1 + z j−1anj)unj , (2.6)
ρn(ε3)p = i
n∑
j=0
(
z j+1anj+1 + z j−1anj
)
unj , (2.7)
and
(
ρn(ε1)
)2
p = −
n∑
j=0
(n − 2 j)2z junj , (2.8)
(
ρn(ε2)
)2
p =
n∑
j=0
{
anj+1a
n
j+2z j+2 −
(
n + 2nj − 2 j2)z j + anj−1anj z j−2}unj , (2.9)
(
ρn(ε3)
)2
p = −
n∑
j=0
{
anj+1a
n
j+2z j+2 +
(
n + 2nj − 2 j2)z j + anj−1anj z j−2}unj , (2.10)
which imply
3∑
j=0
(
ρn(ε j)
)2
p = −n(n + 2)p. (2.11)
Throughout this paper, we agree on the conventions an−1 = ann+1 = ann+2 = 0 and z−2 = z−1 = zn+1 = zn+2 = 0.
Denote by B the Killing form of su(2), then ε1, ε2, ε3 are orthonormal with respect to −B/8, and also denote by g0 the
Riemannian metric on SU(2) which is the bi-invariant extension of −B/8. The following lemma will be needed in our later
arguments.
Lemma 2.1. (See [12,13].) Let g be an inner product on su(2). Then there exists an element τ ∈ SU(2) such that:
(1) X j = Ad(τ )(ε j), j = 1,2,3, are mutually orthogonal to each other.
(2) g = λ1ω21 + λ2ω22 + λ3ω23 , where λ j are positive constants and ω j = g0(X j, ·), j = 1,2,3. If the metric g has constant curva-
ture K if and only if λ1 = λ2 = λ3 = 1/K .
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Let Cn+1 be the Euclidean space endowed with the Hermitian inner product (z,w) =∑nk=0 zk w¯k for z = (z0, . . . , zn),w =
(w0, . . . ,wn) ∈ Cn+1, whose real part determines an inner product 〈,〉 on Cn+1. The canonical complex structure J
of Cn+1 is given by J z = iz, z ∈ Cn+1. Let S2n+1 = {z ∈ Cn+1 | |z|2 = 1} be the (2n + 1)-dimensional unit sphere in Cn+1,
and π : S2n+1 → CPn, z → [z], be the Hopf ﬁbration of S2n+1 on CPn . Then for any p ∈ S2n+1, we have the orthogonal de-
composition T pCn+1 = SpanR{p, ip} ⊕ T [p]CPn , via the isomorphic of the restriction of π∗ to the horizontal space. We call
an immersion f˜ : M → S2n+1 is horizontal if f˜∗(TxM) ⊂ T [ f˜ (x)]CPn for any x ∈ M , or its differential satisﬁes (d f˜ , f˜ ) = 0.
For the totally real spheres in CPn , we have
Proposition 3.1. (See [6,10].) Let f : Sm →CPn, m 3, be a totally real immersion, then there exists a global horizontal lifting f˜ of f .
Moreover, f is minimal if and only if f˜ is minimal.
Proof. Since Sm is simply connected, there exists a global lifting f˜ ′ : Sm → S2n+1 of f . Then the two-form ω = − i2d(d f˜ ′, f˜ ′)
is the pull back of the Keahler form of CPn on Sm . Since f is totally real, then ω = 0, which implies ϕ = (d f˜ ′, f˜ ′) is closed
on Sm . So, there is a smooth function u such that du = ϕ because of H1(Sm) = 0. Taking f˜ = exp(−iu) f˜ ′ , then we have
(d f˜ , f˜ ) = 0. Such lifting is determined up to a constant factor of absolute value 1.
The second part is true by the facts that i f˜ is a totally geodesic normal vector ﬁeld of f˜ and π∗(σ f˜ (u, v)) = σ f (π∗u,π∗v)
for any u, v ∈ TM , where σ f˜ and σ f are the second fundamental form of f˜ and f respectively. This completes the proof. 
Next, we will focus on the equivariant totally real immersion from S3 into CPn . Let f : S3 → CPn be an equivariant
totally real immersion, ρ : SU(2) → U (n + 1) be its associated representation and f˜ : S3 → S2n+1 be a global horizontal
lifting of f . Set f (S3) = M and f˜ (S3) = M˜ , then M and M˜ are ρ(SU(2))-orbits in CPn and S2n+1 respectively. In theory,
all of the unitary representations of SU(2) are known, so we can classify the equivariant totally real S3 in CPn by some
algebraic equations.
Hereafter, we will identify T [p]M with T p M˜ via π∗ for any p ∈ M˜ and identify the representation space Vn with the Eu-
clidean space Cn+1 naturally. Let {εk} be the natural basis of su(2), then ρ(exp(tεk))p, t ∈R, are curves through the point p.
So, {ρ(εk)p} is a basis of T pM . This basis may not be mutually orthogonal at point p, however, we can prove the following
lemma which will be convenient enough for our later calculations.
Lemma 3.2. Let f : S3 → CPn be an equivariant totally real immersion, ρ : SU(2) → U (n + 1) be its associated representation and
f˜ : S3 → S2n+1 be a horizontal lifting of f . Then there exists a point p0 ∈ M˜ such that {ρ(ε j)p0} satisfy(
ρ(ε j)p0, p0
)= 0, j = 1,2,3, (3.1)(
ρ(ε j)p0,ρ(εk)p0
)= 0, j = k. (3.2)
Proof. Set f˜ (I2) = p1. By Lemma 2.1, there exists an element τ ∈ SU(2) such that X j = Ad(τ )(ε j) are mutually orthogonal
under the metric induced by f˜ , i.e., ρ(τ−1)ρ(ε j)ρ(τ )p1 are mutually orthogonal in T p1 M˜ . Taking p0 = ρ(τ )p1, at p0 one
has 〈ρ(ε j)p0,ρ(εk)p0〉 = 0 for all j = k, together with the fact that f is totally real, i.e., 〈ρ(ε j)p0, iρ(εk)p0〉 = 0, then we
obtain (3.2). The identity (3.1) is true by the fact f˜ is a horizontal lifting f . This completes the proof. 
About the sectional curvature of S3 with respect to the induced metric, we have
Lemma 3.3. (See [12].) Notations as same as in Lemma 3.2, if S3 has constant sectional curvature K with respect to the induced metric,
then we have〈
ρ(ε j)p0,ρ(εk)p0
〉= δ jk/K , 1 j,k 3. (3.3)
Proposition 3.4. Hypothesis as in Lemma 3.2, then f is minimal if and only if
3∑
j=1
1
λ j
{(
ρ(ε j)
)2
p0 −
〈(
ρ(ε j)
)2
p0, p0
〉
p0 −
3∑
k=1
1
λk
〈(
ρ(ε j)
)2
p0,ρ(εk)p0
〉
ρ(εk)p0
}
= 0, (3.4)
where λ j = 〈ρ(ε j)p0,ρ(ε j)p0〉.
Proof. According to Proposition 3.1, we only need to ﬁnd the minimality conditions of f˜ . Set Y j(p) = ddt exp(tρ(ε j))p|t=0,
p ∈ M˜ , then Y j are smooth vector ﬁelds on M˜ . Denote by ∇ the Riemannian connection in Cn+1, then
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(
d
dt
Yk |exp(tρ(ε j ))p
)∣∣∣∣
t=0
= d
dt
ρ(εk)
(
exp
(
tρ(ε j)
)
p
)∣∣
t=0
= ρ(εk)ρ(ε j)p.
So, we obtain the second fundamental form of f˜ , that is
σ f˜
(
ρ(ε j)p,ρ(εk)p
)= (∇Y j Yk |p )N
= ρ(εk)ρ(ε j)p −
〈
ρ(εk)ρ(ε j)p, p
〉− i〈ρ(εk)ρ(ε j)p, ip〉p
−
3∑
l=1
1
λl
〈
ρ(εk)ρ(ε j)p,ρ(εl)p
〉
ρ(εl)p, (3.5)
where (·)N is the T⊥p M˜-component. Since ρ(ε j)p0 are mutually orthogonal, the mean curvature vector H at the point p0 is
H |p0 =
3∑
j=1
1
λ j
σ f˜
(
ρ(ε j)p0,ρ(ε j)p0
)
,
which implies (3.4) by the identity (3.5). This completes the proof. 
Corollary 3.5. (See [12].) Notations as same as in Lemma 3.2, if S3 has constant sectional curvature K with respect to the induced
metric, then f˜ is minimal and p0 satisﬁes
3∑
j=1
(
ρ(ε j)
)2
p0 = −3p0/K . (3.6)
Proof. If S3 has constant sectional curvature, then we obtain that λ j = 1/K by Lemma 3.3, and exp(tρ(ε j)) are geodesics
in M˜ . So, (ρ(ε j))2p0 are normal to M˜ , the identity (3.4) can be simpliﬁed to
3∑
j=1
(
ρ(ε j)
)2
p0 =
3∑
j=1
〈(
ρ(ε j)
)2
p0, p0
〉
p0 = −
3∑
j=1
〈
ρ(ε j)p0,ρ(ε j)p0
〉
p0 = −3p0/K ,
by Lemma 3.3. This completes the proof. 
It’s well known that {ρn: n = 0,1,2, . . . } is the set of all inequivalent complex irreducible unitary representations
of SU(2). So, by the classical theory of Lie group, there exists some positive integers n0, . . . ,nr and
∑r
k=0(nk + 1) = n + 1
such that the associated representation ρ of f is isomorphic to ρn0 ⊕ ρn2 ⊕ · · · ⊕ ρnr . Without lose of generality, we as-
sume ρ = ρn0 ⊕ ρn2 ⊕ · · · ⊕ ρnr , which gives a decomposition of Cn+1, i.e., Cn+1 =Cn0+1 ⊕Cn1+1 ⊕ · · · ⊕Cnr+1. So, a point
p ∈Cn+1 can be written as
p =
r∑
k=0
nk∑
j=0
znkj u
nk
j . (3.7)
These {znkj } are called the coordinate of p under the natural basis {unkj }.
Now, we can prove
Theorem 3.6. Let f : S3 → CPn be an equivariant immersion, ρ = ρn0 ⊕ ρn2 ⊕ · · · ⊕ ρnr be its associated representation. Then f is
totally real if and only if there exists a base point p0 ∈ M˜ such that its coordinate {znkj } satisﬁes∑r
k=0
∑nk
j=0 |znkj |2 = 1,∑r
k=0
∑nk
j=0 |znkj |2(nk − 2 j) = 0,∑r
k=0
∑nk
j=0 z¯
nk
j z
nk
j+1a
nk
j+1 = 0,∑r
k=0
∑nk
j=0 z
nk
j z¯
nk
j+1(nk − 2 j)ankj+1 = 0,∑r
k=0
∑nk
j=0(z
nk
j−1 z¯
nk
j+1 − z¯nkj−1znkj+1)ankj ankj+1 = 0.
⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
(ETR)
Moreover, if the coordinate {znk } satisﬁes Eq. (3.4), then f is minimal.i
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of p0, they are equivalent to (ETR) by the identities (2.5)–(2.7). Furthermore, if the coordinate {znki } satisﬁes (3.4), then by
Lemma 3.4 we know that f is minimal. This completes the proof. 
Theorem 3.7. Let f : S3K →CPn be a linearly full equivariant totally real isometric immersion, then K = 3/m(m+2) for some positive
integerm and its associated representation ρ = ρm ⊕ · · · ⊕ ρm︸ ︷︷ ︸
(r+1)-times
for some positive integer r m. Additionally, the coordinate of the base
point p0 satisﬁes
r∑
k=0
m∑
j=0
∣∣znkj ∣∣2(m2 − 6mj + 6 j2 −m)= 0, (3.8)
r∑
k=0
m∑
j=0
(
znkj−1 z¯
nk
j+1 + z¯nkj−1znkj+1
)
amj a
m
j+1 = 0. (3.9)
Remark. The result K = 3/m(m + 2) is well known, for example, one can refer to [12] and [10].
Proof. According to Corollary 3.5, we know the identity (3.6) holds, which is equivalent to
−3/K
r∑
k=0
nk∑
l=0
znkl u
nk
l =
3∑
j=1
(
ρ(ε j)
)2( r∑
k=0
nk∑
l=0
znkl u
nk
l
)
= −
r∑
k=0
nk∑
l=0
nk(nk + 2)znkl unkl , (3.10)
by (2.11). Comparing to the components of the basis {unkj } in (3.10), we have n0 = · · · = nr = m for some positive in-
teger m, and K = 3/m(m + 2). So, we get n = (r + 1)(m + 1) − 1 for some nonnegative integer r. Let f˜ : S33/m(m+2) →
S2(r+1)(m+1)−1, (a,b) → ( f00, . . . , f0m, . . . , fr0, . . . , frm) be a horizontal lifting of f . By a theorem of Takahashi [14], we
know { fkl} are contained in Vm ⊗ C, the complexiﬁcation of the vector space Vm of the eigenvalue λ = m(m + 1) of the
Laplace–Beltrami operator  acts on C∞(S31). It is known that dimC Vm = (m+ 1)2, which gives r m. The condition of the
constant curvature gives λ1 = λ2 = λ3, which are equivalent to (3.8) and (3.9) by (2.5)–(2.7). This completes the proof. 
To ﬁnd some special solutions of (ETR), (3.8) and (3.9), we need to rewrite them in other way. If we set z j =
(zn0j , . . . , z
nr
j ) ∈Cr+1, then these equations can be rewritten as∑m
j=0(z j, z j) = 1,∑m
j=0(m − 2 j)(z j, z j) = 0,∑m
j=0 amj+1(z j, z j+1) = 0,∑m
j=0(m − 2 j)amj+1(z j, z j+1) = 0,∑m
j=0 amj a
m
j+1(z j−1, z j+1) = 0,∑m
j=0(m2 − 6mj + 6 j2 −m)(z j, z j) = 0,
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
(ETRC)
where (,) is the canonical Hermitian inner product of Cr+1. It is convenient to identify base point p0 with the matrix
Pr0 =
⎛
⎝ z0...
zm
⎞
⎠=
⎛
⎜⎝
zn00 · · · znr0
...
. . .
...
zn0m · · · znrm
⎞
⎟⎠
of order (m + 1) × (r + 1). Hereafter, we will don’t distinguish the notations p0 and Pr0.
Example 3.8. It is easy to check that Pm0 = 1√m+1 Im+1 is a solution of (ETRC), which determines a linearly full equivariant
totally real isometric immersion
f3,m : S33/m(m+2) →CP(m+1)
2−1, (a,b) → 1√
m + 1
[
χm00, . . . ,χ
m
0m, . . . ,χ
m
m0, . . . ,χ
m
mm
]
,
where χmkl is given by (2.1). The immersion f3,m is called the standard minimal isometric immersion from S
3
3/m(m+2) into
CP
(m+1)2−1.
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pr + q, 0 q < r, one can check that
Pr−10 =
1√
m + 1
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
e1
...
er
...
e1
...
er
e1
...
eq
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
is a solution of (ETRC), which gives a linearly full totally real minimal isometric immersion
f3,m,r : S33/m(m+2) →CPr(m+1)−1,
(a,b) → 1√
m + 1
[ p∑
k=0
χm(kr)0, . . . ,
p∑
k=0
χm(kr)m,
p∑
k=0
χm(kr+1)0, . . . ,
p∑
k=0
χm(kr+1)m, . . . ,
p∑
k=0
χm(kr+q)0, . . . ,
p∑
k=0
χm(kr+q)m,
p−1∑
k=0
χm(kr+q+1)0, . . . ,
p−1∑
k=0
χm(kr+q+1)m, . . . ,
p−1∑
k=0
χm(kr+r−1)0, . . . ,
p−1∑
k=0
χm(kr+r−1)m
]
,
where χmkl is given by (2.1).
The next natural problem is to consider the equivalence of two different ρ(SU(2))-orbits. We say two immersions f1, f2 :
S3 →CPn are equivalent or congruent if there exists a ﬁxed A ∈ U (n + 1) such that f2 = A ◦ f1. Actually, we can prove
Proposition 3.10. Let f1, f2 : S3 → CPn be two equivariant totally real immersions with common associated representation ρ ,
and p1 , p2 be their base points respectively. Then f1 and f2 are congruent in CP
n if and only if there exists a ﬁxed A ∈ U (n + 1)
such that A(p1) = p2 and A ◦ ρ(τ )(p1) = ρ(τ ) ◦ A(p1) for any τ ∈ SU(2), or equivalently,
A ◦ ρ(ε j)(p1) = ρ(ε j) ◦ A(p1), j = 1,2,3. (3.11)
Proof. The suﬃcient part is clear, we only prove the necessary part. Since f1, f2 are congruent, there exists a ﬁxed A′ ∈
U (n + 1) such that f2 = A′ ◦ f1. We choose a horizontal lifting f˜ j of f j , then A′ ◦ f˜1 is also a horizontal lifting of f2.
According to the proof of Proposition 3.1, there exists a constant eit0 such that f˜2 = eit0 A′ ◦ f˜1. Therefore, eit0 A′(p1) and p2
are contained in the same ρ(SU(2))-orbit, so one can ﬁnd a ﬁxed τ0 ∈ SU(2) such that ρ(τ0) ◦ eit0 A′(p1) = p2. Taking
A = ρ(τ0)◦ eit0 A′ , then A satisﬁes A ◦ρ(τ )(p1) = ρ(τ )◦ A(p1) for any τ ∈ SU(2), whose differential is (3.11). This completes
the proof. 
For the solutions of (ETRC), we have
Proposition 3.11. Let P r0 be a solution of (ETRC), A be an element of U (r+1). Then Pr1 = Pr0A is also a solution of (ETRC), furthermore,
the orbits through Pr0 and P
r
1 are congruent in CP
(r+1)(m+1)−1 .
Proof. Since (ETRC) is invariant under the U (r + 1) acts on the right of zk , the ﬁrst part is true. Now we prove the second
part. Note that the associated representation ρ = ρm ⊕ · · · ⊕ ρm︸ ︷︷ ︸
(r+1)-times
, one can check that the tensor product A⊗ Im+1 = (ast Im+1)
satisﬁes A⊗ Im+1(p0) = p1 and A⊗ Im+1 ◦ρ(ε j)(p0) = ρ(ε j) ◦ A⊗ Im+1(p0), so the orbits through p0 and p1 are congruent
by Proposition 3.10. This completes the proof. 
Immediately, we provide a simple proof of the following theorem.
Theorem 3.12. (See [10].) Let f : S3K →CPn be a linearly full equivariant totally real immersion, we have:
(I) if K = 1, then n = 3 and f is congruent to f3,1 : S3 →CP3, (a,b) →
√
2 [a¯,b,−b¯,a];2
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f3,2 : S3 →CP8, (a,b) →
√
3
3
[
a¯2,
√
2a¯b,b2,−√2a¯b¯, |a|2 − |b|2,√2ab, b¯2,−√2ab¯,a2].
Proof. (I) The proof is simpler than (II), we omit the details.
(II) If K = 3/8, then m = 2 and its associated representation ρ = ρ2 ⊕ ρ2 ⊕ ρ2, where ρ2 is given by
ρ2(τ ) =
⎛
⎝ a¯2
√
2a¯b b2
−√2a¯b¯ |a|2 − |b|2 √2ab
b¯2 −√2ab¯ a2
⎞
⎠ . (3.12)
Note that the (ETRC) are equivalent to (zk, zl) = δkl/3 for k, l = 0,1,2, in other words, a solution of (ETRC) can be written as
P20 = 1√3 Z for some Z ∈ U (3). According to Proposition 3.11, we know the orbits through such base point are congruent to
the one through 1√
3
I3, which gives the immersion f3,2 by (3.12). 
To end this section, we utilize the standard immersion f3,m to characterize the minimal isometric immersions from
S33/m(m+2) into CP
n , that is
Theorem 3.13. Let f : S33/m(m+2) → CPn be a linearly full minimal totally real isometric immersion, then there exists a Hermitian
symmetric, positive semi-deﬁnite linear mapA such that f is congruent toA ◦ f3,m.
Proof. Let  be the Laplace–Beltrami operator of S31, V
m be the vector space of the eigenvalue λ =m(m + 1) of  acts on
C∞(S31). We denote by Vm ⊗ C the complexiﬁcation of Vm , then dimR Vm = (m + 1)2 = dimC Vm ⊗ C, see [5] for details.
Note that f˜3,m : S33/m(m+2) → S2(m+1)
2−1
1 , (a,b) → 1√m+1 (χm00, . . . ,χm0m, . . . ,χmm0, . . . ,χmmm) is a minimal isometric immersion,
by a theorem of Takahashi [14] we know the set {χmkl } ⊂ Vm ⊗ C. On the other hand, since ρm is irreducible, {χmkl } are
linearly independent in L2(SU(2)) by Peter–Weyl’s theorem [9]. Therefore, we obtain an important fact that Vm ⊗ C =
SpanC{χmkl }.
By Proposition 3.1, we can assume f˜ : S33/m(m+2) → S2n+1, (a,b) → ( f0, . . . , fn) is a horizontal lifting of f . If f is linearly
full, together with the theorem of Takahashi [14] again, we know { f0, . . . , fn} is a linearly independent set in Vm ⊗C,
and such a set contains maximum (m + 1)2 elements. Since Vm ⊗C= SpanC{χmkl }, the set { f0, . . . , fn} determines a (prob-
ably singular) linear map A : Vm ⊗ C → Vm ⊗ C such that A ◦ f3,m = f . Modulo a unitary transformation, i.e., without
changing the equivalence class of f we may assume A is Hermitian symmetric and positive semi-deﬁnite. This completes
the proof. 
4. Equivariant totally real S31/5 inCP
n
By Theorem 3.7, if f : S31/5 →CPn is an equivariant totally real isometric immersion, then m = 3, r = 0,1,2 or 3, i.e., its
associated representation is ρ3, ρ3 ⊕ ρ3, ρ3 ⊕ ρ3 ⊕ ρ3 or ρ3 ⊕ ρ3 ⊕ ρ3 ⊕ ρ3, where ρ3 is given by
ρ3(τ ) =
⎛
⎜⎜⎝
a¯3
√
3a¯2b
√
3a¯b2 b3
−√3a¯2b¯ a¯(|a|2 − 2|b|2) b(2|a|2 − |b|2) √3ab2√
3a¯b¯2 b¯(|b|2 − 2|a|2) a(|a|2 − 2|b|2) √3a2b
−b¯3 √3ab¯2 −√3a2b¯ a3
⎞
⎟⎟⎠ . (4.1)
However, one can check that there is no solution of (ETRC) for the case r = 0. Therefore, according to Proposition 3.11,
modulo a rigidity motion of CP(r+1)(m+1)−1, we can assume the solutions take the following forms:
P10 =
⎛
⎜⎜⎝
r00 0
r10eit10 r11
r20eit20 r21eit21
r30eit30 r31eit31
⎞
⎟⎟⎠ , with rank(P10)= 2,
P20 =
⎛
⎜⎜⎝
r00 0 0
r10eit10 r11 0
r20eit20 r21eit21 r22
r30eit30 r31eit31 r32eit32
⎞
⎟⎟⎠ , with rank(P20)= 3,
and
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⎛
⎜⎜⎝
r00 0 0 0
r10eit10 r11 0 0
r20eit20 r21eit21 r22 0
r30eit30 r31eit31 r32eit32 r33
⎞
⎟⎟⎠ , with rank(P30)= 4,
where rkl  0, tkl ∈ [0,2π).
Note that if m = 3 one can check that (ETRC) are equivalent to
(z0, z0) + (z3, z3) = (z1, z1) + (z2, z2) = 1
2
, 3(z0, z0) + (z1, z1) = 1, (4.2)
(z0, z1) = (z2, z3) = − 1√
3
(z1, z2), (z0, z2) + (z1, z3) = 0. (4.3)
Since it is diﬃcult to completely solve (4.2) and (4.3), we wish to ﬁnd some solutions of these equations in different types.
According to Proposition 3.11, one can always assume the ﬁrst nonzero element of each column of P10 , P
2
0 , P
3
0 is positive.
This fact should be keep in mind in later discussion.
Type I. We wish to ﬁnd some solutions of (4.2) and (4.3) which take the form like P10 .
(I.1) If r00 > 0, r11 = 0, r21eit21 = r21 > 0, and r10, r20, r30, r31 > 0, then (4.2) becomes
r200 + r230 + r231 = r210 + r220 + r221 =
1
2
, 3r200 + r210 = 1,
which gives
r00 =
(
1
2
− r230 − r231
) 1
2
, r10 =
(
3r230 + 3r231 −
1
2
) 1
2
, r20 =
(
1− 3r230 − 3r231 − r221
) 1
2 . (4.4)
On the other hand, the equations in (4.3) are equivalent to
r00r10e
−it10 = r20r30ei(t20−t30) + r21r31e−it31 = − 1√
3
r10r20e
i(t10−t20),
r00r20e
−it20 + r10r30ei(t10−t30) = 0,
which gives
eit20 = −√3r00r−120 e2it10 , (4.5)
eit30 = √3r200r−110 r−130 e3it10 , (4.6)
eit31 = r−121 r−131
(
r00r10 + 3r300r−110
)
eit10 . (4.7)
Therefore, by (4.5)–(4.7), we obtain the solution:
p11 =
(
r10, r10e
it10 ,−√3r00e2it00 ,
√
3r200r
−1
10 e
3it10 ,0,0, r21,
(
r00r10 + 3r300r−110
)
r−121 r
−1
31 e
it10
)
,
where r00, r10, r20 are given in (4.4), and the parameters r21, r30, r31 > 0, 13 > r
2
30 + r231 > 16 , 1 − 3(r230 + r231) > r221, t10 ∈[0,2π).
(I.2) If r00, r11 > 0, we can obtain the solutions:
p12 =
(
r00,0, r20e
it20 ,0,0, r11,0,−r00r20r−111 et20
)
,
where r00 = ( 12 − r231)
1
2 , r20 = (1− 3r231)
1
2 , r11 = (3r231 − 12 )−
1
2 and the parameters r31 ∈ ( 1√6 ,
1√
3
), t20 ∈ [0,2π);
p13 =
(
r00, r10e
it10 ,0,
√
3r200r10r
−2
21 e
3it10 ,0, r11,−
√
3r00r10r
−1
11 e
it21 ,−√3r200r210r−111 r−221 e2it10
)
,
where r00 = ( 12 − r230 − r231)
1
2 , r10 = (3r230 + 3r231 − r211 − 12 )
1
2 , r21 = (1 − 3r230 − 3r231)
1
2 and the parameters r11, r30, r31 > 0,
1
3 > r
2
30 + r231 > 16 , 3r230 + 3r231 − 12 > r211;
p14 =
(
r00, r10e
it10 ,−√3r00e−2it10 ,−
√
3r−100 r
2
30e
−it10 ,0, r11,0,
√
3r−111
(
r200 + r230
)
e−2it10
)
,
where r00 = ( 12 − r230 − r231)
1
2 , r10 = (3r230 + 3r231 − r211 − 12 )
1
2 , r20 = (1 − 3r230 − 3r231)
1
2 and the parameters r11, r30, r31 > 0,
1
3 > r
2
30 + r231 > 16 , 3r230 + 3r231 − 12 > r211.
Type II. We wish to ﬁnd some solutions of Eqs. (4.2) and (4.3) which take the form like P20 .
(II.1) If r00 > 0, r11 = 0, r21eit21 = r21 > 0, r22 = 0 and r32eit32 = r32 > 0, we can obtain the solutions:
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(
1√
3
,0,0,
(
1
6
− r232
) 1
2
eit30 ,0,0,
1√
2
,0,0,0,0, r32
)
,
where the parameters r32 ∈ (0, 1√6 ], t30 ∈ [0,2π).
(II.2) If r00, r11 > 0, r22 = 0 and r32eit32 = r32 > 0, we can obtain the solutions:
p22 =
(
1√
6
,0,0,
(
1
3
− r232
)
eit30 ,0,
1√
2
,0,0,0,0,0, r32
)
,
where the parameters r32 ∈ (0, 1√3 ], t32 ∈ [0,2π);
p23 =
(
r00,0,−r−100 r11r31eit31 ,0,0, r11,0, r31eit31 ,0,0,0, r32
)
,
where r00 = ( 12 − r231 − r232)
1
2 , r20 = (1 − 3r231 − 3r232)
1
2 , r11 = (3r231 + 3r232 − 12 )
1
2 and the parameters r31, r32 > 0, 13 > r
2
31 +
r232 >
1
6 , t31 ∈ [0,2π);
p24 =
(
r00, r10e
it10 ,0,
√
3r−110 r
2
31e
3it10 ,0, r11,−
√
3r00r10r
−1
11 e
it10 ,−√3r−111 r231e2it10 ,0,0,0, r32
)
,
where r00 = ( 12 − r230 − r231 − r232)
1
2 , r10 = (3r230 + 3r231 + 3r232 − r211 − 12 )
1
2 , r21 = (1− 3r230 − 3r231 − 3r232)
1
2 and the parameters
r11, r30, r31, r32 > 0, 13 > r
2
30 + r231 + r232 > 16 , 3r230 + 3r231 + 3r232 − 12 > r211, t10 ∈ [0,2π).
(II.3) If r00, r11, r22 > 0, we can obtain the solutions:
p25 =
(
r00,0,0, r30e
it30 ,0, r11,0,0,0,0, r22,0
)
,
where r00 = ( 12 − r230)
1
2 , r11 = (3r230 − 12 )
1
2 , r22 = (1− 3r230)
1
2 and r30 > 0, 13 > r
2
30 >
1
6 , t30 ∈ [0,2π);
p26 =
(
r00,0,−r−100 r11r31eit31 ,0,0, r11,0, r31eit31 ,0,0, r22,0
)
,
where r00 = ( 12 −r231)
1
2 , r11 = (3r231− 12 )
1
2 , r20 = (1−3r231−r222)
1
2 and the parameters r22, r31 > 0, 13 > r
2
31 >
1
6 , 1−3r231 > r222,
t31 ∈ [0,2π);
p27 =
(
r00, r10e
it10 ,0,0,0, r11,−
√
3r00r10r
−1
11 e
it10 ,0,0,0, r22, r00r10r
−1
22 e
it10
)
,
where r00 = ( 12 − r232)
1
2 , r10 = (3r232 − r211 − 12 )
1
2 , r21 = (1 − 3r232 − r222)
1
2 and the parameters r11, r22, r32 > 0, 13 > r
2
32 >
1
6 ,
3r232 − 12 > r211, 1− 3r232 > r222, t10 ∈ [0,2π).
Type III. We wish to ﬁnd some solutions of Eqs. (4.2) and (4.3) which take the form like P30 . Since rank(P
3
0) = 4, we have
r j j > 0 for all j. Then we can obtain the solutions:
p31 =
(
r00,0,0, r30e
it30 ,0, r11,0,0,0,0, r22,0,0,0,0, r33
)
,
where r00 = ( 12 − r230 − r233) 12 , r11 = (3r230 + 3r233 − 12 )
1
2 , r22 = (1 − 3r230 − 3r233)
1
2 and the parameters r33 > 0, r30  0, 13 >
r230 + r233 > 16 , t30 ∈ [0,2π);
p32 =
(
r00,0,−r−100 r11r31eit31 ,0,0, r11,0, r31eit31 ,0,0, r22,0,0,0,0, r33
)
,
where r00 = ( 12 − r231 − r233)
1
2 , r11 = (3r231 + 3r233 − 12 )
1
2 , r20 = (1 − 3r231 − 3r233 − r222)
1
2 and the parameters r11, r22, r33 > 0,
1
3 > r
2
31 + r233 > 16 , 1− 3r231 − 3r233 > r222, t31 ∈ [0,2π);
p23 =
(
r00, r10e
it10 ,0,0,0, r11,−
√
3r00r10r
−1
11 e
it10 ,0,0,0, r22, r00r10r
−1
22 e
it10 ,0,0,0, r33
)
,
where r00 = ( 12 − r232 − r233)
1
2 , r10 = (3r232 + 3r233 − r211 − 12 ), r21 = (1 − 3r232 − 3r233 − r222)
1
2 and the parameters r11, r22, r32,
r33 > 0, 13 > r
2
32 + r233 > 16 , 1− 3r232 − 3r233 > r222, 3r232 + 3r233 − 12 > r211, t10 ∈ [0,2π).
Therefore, we have
Theorem 4.1. There exists a linearly full minimal isometric immersion from S31/5 into CP
7 , CP11 and CP15 respectively.
Proof. The orbits through p1j , p
2
k , p
3
l determine the linearly full minimal isometric immersions from S
3
1/5 into CP
7, CP11
and CP15 respectively, one can write the immersions explicitly by (4.1). This completes the proof. 
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Based on the equations (ETR) obtained in Section 3, we will classify the equivariant Lagrangian S3 in CP3 into two
classes, one of them is totally geodesic and the other is the exotic one called by B.Y. Chen et al. This work has been done
by Zh.Q. Li and Y.Q. Tao under the minimal condition in [11] and also by L. Bedulli and A. Gori in [2]. Li and Tao’s proof
depends on the famous example studied by B.Y. Chen et al. [7]. Bedulli and Gori’s method is much more general, but they
describe these two examples without an explicit expression. In this section, we give a fundamental proof of the classiﬁcation
theorem of equivariant Lagrangian S3 in CP3, which provides another way to understand the exotic one.
Type I. The associated representation ρ = ρ3, where ρ3 is given by (4.1). Set the base point p0 = ∑3k=0 zku3k , then zk
satisfy
3∑
k=0
|zk|2 = 1, (5.1)
3|z0|2 + |z1|2 − |z2|2 − 3|z3|2 = 0, (5.2)
z¯1z2 = −
√
3z¯2z3, (5.3)
z¯0z1 = z¯2z3 (5.4)
and
z¯0z2 − z0 z¯2 + z¯1z3 − z1 z¯3 = 0, (5.5)
by the (ETR). Solving Eqs. (5.1)–(5.5), we obtain the solutions
p1 = 1
2
(− sin te2it1 ,√3cos teit1 ,√3 sin t,− cos te−it1),
where t ∈ [0, π2 ], t1 = 0, π2 ,π, 3π2 , and
p2 =
√
2
2
(
1,0,0, eit
)
, t ∈ [0,2π).
It is easy to check that p1 and p2 are contained in the same orbit and satisfy the minimal equation (3.4). We choose the
base point p = 12 (1,0,
√
3,0), which determines the minimal Lagrangian immersion
f : S3 →CP3, (a,b) → [a¯3 + 3a¯b¯2,√3(a¯2b + b¯|b|2 − 2b¯∣∣a2∣∣),√3(a¯b2 + a|a|2 − 2a|b|2),b3 + 3a2b],
by (4.1).
Type II. The associated representation ρ = ρ1 ⊕ ρ1, where ρ1 : SU(2) → U (2) is given by
ρ1(τ ) =
(
a¯ b
−b¯ a
)
. (5.6)
Set E1 = (u10,0), E1 = (u11,0), E3 = (0,u10) and E4 = (0,u11), then {Ei} forms an orthonormal basis of C4. From (2.2)–(2.4),
we have
ρ(ε1)E1 = −iE1, ρ(ε2)E1 = E2, ρ(ε3)E1 = iE2, (5.7)
ρ(ε1)E2 = iE2, ρ(ε2)E2 = −E1, ρ(ε3)E2 = iE1, (5.8)
ρ(ε1)E3 = −iE3, ρ(ε2)E3 = E4, ρ(ε3)E3 = iE4, (5.9)
and
ρ(ε1)E4 = iE4, ρ(ε2)E4 = −E3, ρ(ε3)E4 = iE3. (5.10)
We set the base point p0 =∑4k=1 zk Ek . So, the (ETR) are equivalent to
|z1|2 + |z2|2 + |z3|2 + |z4|2 = 1, (5.11)
|z1|2 − |z2|2 + |z3|2 − |z4|2 = 0, (5.12)
z¯1z2 − z¯2z1 + z¯3z4 − z¯4z3 = 0, (5.13)
and
z¯1z2 + z¯2z1 + z¯3z4 + z¯4z3 = 0, (5.14)
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p1 =
√
2
2
(
sin t,− cos tei(−t1+t2), cos teit1 , sin teit2), t ∈ [0, π
2
]
, t1, t2 ∈ [0,2π).
It is easy to check that the immersions determined by different parameters in p1 are totally geodesic with constant
curvature 1, which are all congruent to ρ1 ⊕ ρ1(SU(2))-orbit through the base point p =
√
2
2 (0,1,1,0). So, we obtain the
totally geodesic Lagrangian immersion
f : S3 →CP3, (a,b) →
√
2
2
[a¯,b,−b¯,a]
by (5.5).
If the associated representation ρ = ρ2 ⊕ ρ0, it is easy to check that one of λk = 〈ρ(εk)p0,ρ(εk)p0〉 is vanishing for
any case, in other words, the dimension of the orbit is 2. Similar situations occur for the associated representation ρ =
ρ1 ⊕ ρ0 ⊕ ρ0 and ρ = ρ0 ⊕ ρ0 ⊕ ρ0 ⊕ ρ0.
In summary, we have proved
Theorem 5.1. (See [2,11].) Let f : S3 →CP3 be an equivariant Lagrangian immersion, then f is congruent to one of the following:
(I) f : S3 →CP3, (a,b) →
√
2
2
[a¯,b,−b¯,a];
(II) f : S3 →CP3, (a,b) → [a¯3 + 3a¯b¯2,√3(a¯2b + b¯|b|2 − 2b¯∣∣a2∣∣),√3(a¯b2 + a|a|2 − 2a|b|2),b3 + 3a2b].
Remark. The Lagrangian immersion (II) is just the exotic one called by B.Y. Chen et al. in their paper [7], and also studied
by R. Chiang [8] according to its peculiar topological feature. In fact, our condition needed here is weaker than Li and Tao’s,
i.e., we don’t need the minimality hypothesis.
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